Let X be a smooth projective variety defined over the complex number field C with dim X = n, and let L be an ample (respectively a nef and big) line bundle on X. Then the pair (X, L) is called a polarized (respectively a quasi-polarized) manifold.
Introduction
Let X be a smooth projective variety defined over the complex number field C with dim X = n, and let L be an ample (respectively a nef and big) line bundle on X. Then the pair (X, L) is called a polarized (respectively a quasi-polarized) manifold.
In [Fk4] , the author proposed the following conjecture.
CONJECTURE 0.1. (See Conjecture 6.2 in [Fk4] ) Let (X, L) be a quasi-polarized manifold with n = dim X ≥ 2 and κ(X) ≥ 0. Then K X L n−1 ≥ 2(q(X) − n).
This conjecture is thought to be a generalization of the degree of the canonical divisor of a smooth curve. If X is a smooth curve, then deg K X = 2g(X) − 2, where g(X) is the genus of X.
As an important application of the inequality in Conjecture 0.1, we get a classification of quasi-polarized manifolds (X, L) by the sectional genus g(L). Here we explain these. The sectional genus g(L) of (X, L) is defined by the following: and n = dim X, there are only finitely many deformation type of (X, L) unless (X, L) is a scroll over a smooth curve [Fj3] . From result (3), Fujita proposed the following conjecture.
CONJECTURE 0.2. ((13.1) in [Fj3]) Let (X, L) be a quasi-polarized manifold. Then g(L) ≥ q(X), where q(X) = dim H 1 (O X ) which is called the irregularity of X.
This conjecture is very difficult and even for the case where X is a surface it is not known whether this conjecture is true or not. But some partial answer was obtained and at present there is no counterexample of this conjecture.
If this conjecture is true, then the next problem which one might consider is a classification of (X, L) with a small value of g(L) − q(X). Here we put m := g(L) − q(X). If Conjecture 0.1 is true, then
Furthermore, for example, if we assume that L is ample with Bs
So if m is a small non-negative integer, then the value of the -genus (L) is small, and we can also classify (X, L) by using the -genus theory. So it is important to consider Conjecture 0.1. In [Fk4] , the author proved that Conjecture 0.1 is true if (X, L) is one of the following types:
(1) any quasi-polarized manifolds (X, L) with κ(X) = 0 or 1 (Theorem 2.1 and Theorem 6.1 in [Fk4] ); (2) (X, L) is a quasi-polarized surface with κ(X) = 2 and h 0 (L) ≥ 2 (Theorem 3.1 in [Fk4] ); or (3) (X, L) is a special type of a quasi-polarized surface with κ(X) = 2 and h 0 (L) = 1 (Section 4 in [Fk4] ). In [Fk7] we prove that Conjecture 0.1 is true if (X, L) is a quasi-polarized manifold with dim X = 3, κ(X) = 2 and h 0 (L) ≥ 3.
In this paper, we consider Conjecture 0.1 and we treat the case where X is of general type and L is ample, that is, we consider the case in which dim X = 3, κ(X) = 3, h 0 (K X ) ≥ 2 and L is ample with h 0 (L) ≥ 3, and we obtain the following theorems.
is one of the following types: 
These results are weaker than Conjecture 0.1. But the author thinks that it is important to give an explicit lower bound for K X L 2 by using its irregularity.
In this paper we treat manifolds defined over the complex number field. We use the customary notation in algebraic geometry (see, for example, [H] ).
Preliminaries
Notation 1.1. Let (X, L) be a polarized 3-fold with h 0 (L) ≥ 3. Let µ 1 : X 1 → X be an elimination of the indeterminacy of the rational map defined by the linear system |L|. Let L 1 = µ * 1 (L), M 1 be the movable part of L 1 and Z 1 be the fixed part of L 1 . Then Bs |M 1 | = ∅. Let ϕ be the morphism X 1 → P N which is defined by the linear system 
Proof. See the proof of Theorem 2.2 in [Fk6] . ✷ Definition 1.3.
(1) Let (X, L) and (X , L ) be polarized manifolds with dim
is not obtained by a finite number of simple blowing ups of another polarized manifold. 
Proof. See Theorems 1.1.1, 1.1.2 and 1.1.3 in [Fk3] . ✷ Notation 1.6. Let X be a smooth projective variety and D 1 and D 2 be divisors on X.
Main result
In this section, we study polarized 3-folds (X, L) such that h 0 (L) ≥ 3 and X is of general type. In this section we use Notation 1.1. First we prove the following theorem.
Then one of the following is true:
Proof. First we note that by Remark 1.3.1, we may assume that (X, L) is the reduction
is one of the following types:
where F is a general fibre of . First we consider the case in which (X, L) is as in (1). Let S ∈ |M 1 | be a general member. Then S is a smooth projective surface. In this case W r is a P 1 -bundle. We put S = µ * 2 (S). Then S is also a smooth projective surface. Then S = f * (A r ), where A r ∈ Pic(W r ) and (W r , A r ) is a scroll over a smooth curve.
If
Let β : W r → N be the albanese map of W r , where N is a smooth projective curve. Then we obtain a fibre space h :
Therefore by a method similar to that in Lemma 1.3.1 and Remark 1.3.2 of [Fk3] 
Proof. By construction
where F i is a fibre of f | S : S → A r for any i.
By Claim 2.4 in [Fk5] , we have
By the proof of Claim 2.6 in [Fk6] ,
This completes the proof of Claim 2.1.0.
✷
Next we consider the case in which (X, L) is type (2). Then M 1 ≡ aF , where F is a general fibre of . Since h 0 (L) ≥ 3, a ≥ 2. Also we note that
Here we note that by the construction of µ 1 ,
Hence,
This completes the proof of Claim 2.1.1. ✷ Hence,
Assume that g(B) ≥ 1. Then µ 1 = id and a = deg δ ≥ 3 because h 0 (L) ≥ 3. Here we note that K X/B L 2 ≥ 0 by the same argument as before. Hence
Hence we assume that g(B) ≤ q(F ).
CLAIM 2.1.2. g(L) ≥ g(B) + aq(F ).
Proof. By assumption there is the fixed part Z of |L|. We put Z = 
.
By the same argument as in the proof of Theorem 2.8 in [Fk5] , we obtain the following inequality:
where F j is a general fibre of • ν for any j (see the fourth line of p 374 in [Fk5] ).
This completes the proof of Claim 2.1.
✷
Since a ≥ 3, we have
This completes the proof of Theorem 2. 
Proof. By assumption, there exists a general member S ∈ |L| such that S is a normal Gorenstein surface. Since K X + L is nef, K S is nef and κ(S) ≥ 0.
≥ 2 and L S is nef and big. Let r : S r → S be a minimal resolution of S. Then by Theorem 3.1 in [Fk4] ,
Let |M S | be the movable part of |D S | and let Z S be the fixed part of |D S |. We note that M S is nef. Assume that M S is big. Here we note that K S D S ≥ K S M S . Let r : S r → S be a minimal resolution of S. Then, by Theorem 3.1 in [Fk4] ,
If M S is not big, then M 2 S = 0. In particular, Bs |M S | = ∅. So we get a fibre space h S : S → T which is defined by the linear system |M S |, where T is a smooth curve.
If g(T ) = 0, then
where F is a general fibre of h S . Therefore (K X + L)LD ≥ 2q(X) − 2. So we assume that g(T ) ≥ 1. Here we note that Z S = ∅. [Ka] or [V] . Therefore
However, since h 0 (D S ) ≥ 2 and g(T ) ≥ 1, M S − 2F is numerically equivalent to an effective divisor for any general fibre F of h S . So we get that
(Here we note that κ(S) = 2 in this case because κ(X) = 3.) Therefore
Proof. Let Y 1 be a smooth projective 3-fold and ν 1 : Y 1 → X be a birational morphism such that the movable part of |ν * 1 (K X )| is base point free. Let Y 2 be a smooth projective 3-fold and let ν 2 : Y 2 → Y 1 be a birational morphism such that the movable part of ν * 2 (ν * 1 (L)) is base point free. We put ν = ν 1 • ν 2 and Y := Y 2 .
Next we consider the intersection number (2K X + 2L)LK X . Here we note that,
where S is an irreducible smooth surface which is a component of a general member of the movable part M K of |ν * K X |. Here we note that S is nef. We also note that the map ν is a composition of blowing ups.
Since the movable part of ν * L is base point free, h 0 ((ν * L)| S ) ≥ 2 unless the movable part of ν * L is nef but not big. Let M L be the movable part of ν * L.
(1) The case in which M L | S is nef and big. In this case g(ν * L S ) ≥ 2q(S) − 1 by the proof of Theorem 3.1 in [Fk1] . Hence, in particular,
Hence, by the same argument,
These complete the proof of Theorem 2.3. ✷ Remark 2.3.1. Here we use the notation in Theorem 2.3. If we can prove that (1) The case in which g(N) = 0. Then
By the same argument as that in Claim 2.1.1,
where F is a general fibre of γ . Therefore
(2) The case in which g(N) ≥ 1. Then we find that τ = id and K X/N + L is nef by Proposition 1.5. Therefore, 
Proof. By Remark 1.3.1, we may assume that (X, L) is the reduction model. By Theorem 2.1, we may assume that
So we may assume that L 3 ≥ m. In particular L 3 ≥ m ≥ q(X) − 1. Since K X is big, under the assumption of this theorem, (K X + L)LK X ≥ 2q(X) − 2 by Theorem 2.2, and Theorem 2.4. If K X L 2 ≥ q(X) − 1, then this ends the proof. So we assume that K X L 2 ≤ q(X) − 2. Then K 2 X L ≥ q(X). By the generalized Hodge index theorem ((0.4.6) in [Fj3] or Proposition 2.5.1 in [BeSo] ),
≥ (q(X))(q(X) − 1).
But this is impossible because here we have assumed that K X L 2 ≤ q(X) − 2. This completes the proof of Theorem 2.5. ✷ By the generalized Hodge index theorem ((0.4.6) in [Fj3] or Proposition 2.5.1 in [BeSo] 
(q(X) − 1)(q(X) − 1).
But this is impossible because here we have assumed that
Furthermore since K X L 2 is integer,
This completes the proof of Theorem 2.6. ✷
